We derive a mathematical model for studying the stability of magnetic fluid seal under the action of external pressure drop in the static case. We propose a numerical algorithm for computing the free surface shape under the influence of diffusion of magnetic particles. We include also the case in which the particle concentration achieves its maximum corresponding to the dense packing of the particles. Numerical experiments for various sets of parameters give interesting insights in the dependence of the burst pressure on different parameters.
Introduction
Magnetic fluid seals are the best known and widely used technical application of magnetic fluids. Therefore, the development of an adequate mathematical model describing the relevant features of a magnetic fluid seal and numerical algorithms for its solution are of great importance, e.g. for the computer optimized design of magnetic fluid seals. The main objective of the paper is the development of such a realistic model. The burst external pressure drop and the critical velocity of rotation of the shaft are the main characteristics of a magnetic fluid seal. They are defined essentially by the shape of the sealing layer which is under the action of capillary, magnetic, centrifugal and pressure forces.
An acceptable mathematical model of a magnetic fluid seal which takes into account the free surface deformation has been developed and realized in [1, 2] . It is based on the assumption that the pole piece of an annular permanent magnet being concentrator of magnetic flux in the seal gap is of hyperbolic shape. This allows to find an exact solution of Maxwell equations for the magnetic field in the gap. Later this assumption has been used in [3] [4] [5] . The stability of a magnetic fluid seal has been investigated numerically in [1] [2] [3] [4] under the assumption of a uniform concentration of ferromagnetic particles in the fluid. In [1, 2] the stability of rotating shaft has been studied at zero pressure drop whereas in [3] static magnetic fluid seal under the action of a pressure drop has been considered. In [4] , the stability problem of a magnetic fluid seal has been solved in a more general statement; the dynamic magnetic fluid seal has been considered under the action of both centrifugal forces and a pressure drop.
As the next step toward the development of a realistic mathematical model we consider in this paper the influence of the magnetic particle diffusion process on the stability of the seal. In [5] an attempt was made to investigate the effect of particle concentration on the stability of a magnetic fluid seal however a predefined free surface shape independent of external forces 1007-5704/$ -see front matter Ó 2011 Elsevier B.V. All rights reserved. doi:10.1016/j.cnsns.2011.02.025 has been assumed. We will consider the static magnetic fluid seal under an external pressure drop and extend the model and results obtained for a uniform particle concentration in [3] by taking particle diffusion into consideration.
Mathematical model

Statement of the problem
We will study the behaviour of a magnetic fluid seal as shown in Fig. 1 in the narrow profiled gap between two coaxial surfaces of revolution. The magnetic fluid between the shaft and the polar head forms a hermetic barrier isolating regions at different pressures. This pressure drop and centrifugal forces try to push out the magnetic fluid which is hold in the gap by the high-gradient magnetic field. In previous studies [1] [2] [3] [4] 6] , the particle diffusion leading to a highly nonuniform concentration of particles has been neglected. In this paper, a mathematical model is developed taking the particle diffusion into consideration. In the static case, the model is used to investigate the stability of the magnetic fluid seal.
General equations
We consider the unknown fluid domain X f of the ferrofluid inside of a larger domain X. The Maxwell equation for nonconducting media are given by
ð1Þ with the magnetic field strength H, the magnetic induction B, the magnetization M, and l 0 = 4p Â 10 À7 H/m. In a region of nonmagnetizable material, e.g. air, we have M = 0. We assume that the magnetization M of the ferrofluid is parallel to the magnetic field H and that it follows the nonlinear Langevin magnetization law for dilute fluids
with the saturation magnetization M s , the particle concentration C, the mean concentration C 0 corresponding to a uniform particle distribution, the Langevin parameter f = l 0 m m /(kT), m m the magnetic moment of a particle, k = 1.3806568 Â 10 À23 J/ K the Boltzmann constant, T the particle temperature, H = jHj, and M = jMj.
The hydrodynamical properties of the ferrofluid are described by the incompressible Navier-Stokes equations
where q denotes the fluid density, v the velocity, g the dynamic viscosity, g the acceleration of gravity, and p = p f + p m the (composite) pressure with the thermodynamic pressure p f in the ferrofluid and the fluid magnetic pressure
We neglect the flow outside of X f and assume constant pressure fields in the two different hermetically separated regions.
Under the assumption that the magnetic particles are of spherical form and of equal size, the mass conservation of magnetic particles can be written in the form [7, 8] 
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where D is the diffusion coefficient and m the mass of a particle. The system (1)- (5) is additionally coupled by the force balance at the two free surfaces between the ferrofluid and the surrounding media. Let r denote the stress tensor given by rðv; p; HÞ ¼ 2gDðvÞ
with the identity I and velocity deformation tensor DðvÞ ¼ ðrv þ rv T Þ=2. Then, the force balance on the free surfaces
Here, n is the outward unit normal with respect to X f , p i the pressure of the C i f surrounding region, a > 0 the surface tension coefficient, and K the sum of principal curvature. Multiplying (7) by the normal vector n, using the continuity of the normal component of B and the tangential components of H over the free surfaces, we end up with the Young Laplace equation
The coupled highly nonlinear system of partial differential equations have to be complemented by suitable boundary conditions and the condition that the fluid volume is preserved.
Approximation
Model assumptions
In this section we describe our assumptions leading to an approximated model for the stability of a magnetic fluid seal in the static case. Based on the assumption that the gap width is small compared to the radius of the rotary shaft we will use a plane 2d approximation as already discussed in [4, [9] [10] [11] .
Neglecting the gravitational force, the dynamic Navier-Stokes equations (3) and (4) 
where uðfHÞ ¼ exp
jX F j denotes the area of X F , and C is normalized such that the uniform particle distribution corresponds to C = C 0 = 1. As shown in [8] , there is an analytical solution of the problem (9)-(11) given by
As a consequence, isolines of the magnetic field strength are also isolines of the particle concentration. In strong fields, it can happen that the particle concentration computed by formula (12) gives concentration values larger than its maximum value defined by the dense packing of particles. In this case a Stefan-type diffusion problem arises [8] and we subdivide the domain X F into a domain X 1 where C < C max and a domain X 2 = X F nX 1 where C = C max . We solve the particle concentration equation on the 'unknown' subdomain X 1 & X F . The corresponding solution becomes
Cðx; yÞ ¼ KuðfHðx; yÞÞ in X 1 ;
Since the curve separating the two domains is an isoline C = C max of the particle concentration and an isoline of the field strength H = H 0 , respectively, we have two requirements to determine the constant K in (13) and the subdomains X 1 , X 2 :
The solution of the problem (14) and (15) can be determined, for example, by the bisection method.
In seal gaps, the magnetic field strength values reach H $ 10 6 A/m and the stress gradient values jrHj $ 10 9 A/m 2 , see [12] . Therefore, we can neglect gravity effects on the free surface since the magnetic body force l 0 MrH is two orders of magnitude greater than the gravity force qg. The same reason allows us to neglect also capillary forces and magnetic jumps on the free surface. Then, the Young-Laplace Eq. (8) reduces to the algebraic equation
where the integral can be determined analytically thanks to the analytic expression for the particle concentration along the free surface. We get
Finally, we assume that the concentrator has a hyperbolic shape of dimensionless form
as shown in Fig. 2 . When the magnetic field in the gap exceeds considerably the magnetization of the fluid (as it is the case in magnetic fluid seals), the local change of the magnetic field strength due to magnetization of the fluid can be neglected. Now, using elliptic cylinder coordinates we find an analytical expression for the magnetic field strength [1-4]:
where H c denotes the magnetic intensity at the polar head.
Computational algorithm
We recall that our assumptions guarantee that the free surface shapes coincide with the isolines of the magnetic field strength. From (17) we get the explicit representations for the isolines H(x, y)
i.e. the Cassinian ovals which are indicated in Fig. 3 . Increasing the pressure drop the Bernoulli lemniscate describes the limit position of the free surface c 1 before the seal collapses. This position corresponds to r 1 = 1 and is independent of the fluid Author's personal copy volume provided that the fluid volume is large enough to cover the area between ±c 1 . The critical position of the free surface c 2 is described by the equation
and is fixed by the given fluid volume V which satisfies 
Numerical results
First we show in Fig. 4 the numerical results for fixed values A = 10, b = 45°, C max = 15, and different fluid volume V = 2, V = 5, V = 20. We see that with increasing fluid volume regions with dense packing appear. Looking to the particle concentration along c 1 and c 2 , we see that with increasing volume the difference c c 1 À c c 2 (which is proportional to Pd) increases too. This behaviour can also detected in Fig. 5 in which the critical pressure drop over the volume is presented for three different values of A, A = 3, A = 5, A = 7, and the fixed values b = 45°, C max = 15. This figure also demonstrates the differences caused by taking into account the diffusion process of particle by comparing the results with previous ones obtained in [3] . It is found experimentally in [13, 14] that the redistribution of concentration due to the magnetophoretic transfer of particles results in a time-dependent sealing ability of magnetic-fluid shaft seal; the critical pressure drop increases appreciably as time grows. Fig. 5 shows that this is true provided that the volume V is sufficiently large.
Conclusions
A mathematical model to study the stability of a magnetic fluid seal under the action of an external pressure drop has been developed and used for computing numerically the free surface shape. It has been demonstrated that there is a non-neglectable influence of the particle diffusion on the burst pressure, in particular, when for larger fluid volume the particle concentration achieves its maximum due to the dense packing of particles.
